Let n be the maximal nilpotent subalgebra of a simple complex Lie algebra g. We introduce the notion of imaginary vector in the dual canonical basis of U q (n), and we give examples of such vectors for types A n (n 5), B n (n 3), C n (n 3), D n (n 4), and all exceptional types. This disproves a conjecture of Berenstein and Zelevinsky about q-commuting products of vectors of the dual canonical basis. It also shows the existence of finite-dimensional irreducible representations of quantum affine algebras whose tensor square is not irreducible.
Introduction
Let g be a simple complex Lie algebra, U q (g) the corresponding quantized enveloping algebra, n a maximal nilpotent subalgebra of g, and U q (n) the corresponding subalgebra of U q (g). Let B be the canonical basis of U q (n) [L, K1] , and let B * be the basis dual to B for the natural scalar product on U q (n). In this note, we discuss the multiplicative structure of B * . We write q Z B * = {q m b | m ∈ Z, b ∈ B * }. For u, v in U q (n) we also use the short-hand notation u ∼ = v to mean that there exists m ∈ Z such that u = q m v.
Definition 1
We say that b ∈ B * is real if b 2 ∈ q Z B * . Otherwise, we say that b is imaginary.
In [BZ] it was conjectured that, given b 1 , b 2 ∈ B * , the product b 1 b 2 is in q Z B * if and only if b 1 and b 2 q-commute with each other, i.e. b 2 b 1 ∼ = b 1 b 2 . In particular, taking b 1 = b 2 , this conjecture would imply that all vectors of B * are real. In Section 2 below, we give examples of imaginary vectors in U q (n) for g of type A 5 , B 3 , C 3 , D 4 and G 2 . Using the natural embeddings U q (A 5 ) ⊂ U q (A n ) (n 6), U q (B 3 ) ⊂ U q (B n ) (n 4), U q (C 3 ) ⊂ U q (C n ) (n 4), U q (D 4 ) ⊂ U q (D n ) (n 5), U q (D 4 ) ⊂ U q (E n ) (n = 6, 7, 8), U q (B 3 ) ⊂ U q (F 4 ), it follows that there exist imaginary vectors for all types except A 1 , A 2 , A 3 , A 4 , B 2 .
For types A 3 , B 2 the basis B * is explicitely described in [BZ] and [RZ, Z1, C1] respectively, and it consists in all q-commuting products of elements of a certain finite subset P of B * . The elements of P may be regarded as the "prime vectors" of B * . A similar description also exists in type A 4 [Z2] . From these descriptions one sees that all vectors of B * are real if g is of type A n (n 4) or B 2 .
In Section 3, we propose a conjecture regarding the multiplication by a real element of B * . This conjecture would imply that the Berenstein-Zelevinsky conjecture is true when one of the two factors is real. It would also yield an analogue of the Kashiwara crystal graph operator e i for any real vector of B * .
Our original motivation for investigating the multiplicative properties of B * came from some questions in the theory of finite dimensional representations of quantum affine algebras. Let g be an affine Lie algebra and U q ( g) its quantum enveloping algebra. Let V, W be finite dimensional irreducible representations of U q ( g) and let
be the corresponding trigonometric R-matrix (see [EFK] ). It is known that V ⊗W (z) is irreducible and isomorphic to W (z) ⊗ V except for a finite number of z ∈ C * [K3] . On the other hand, the intertwining operator R V W (z) can be normalized in such a way that it becomes a rational function in z, invertible except for a finite number of z ∈ C * . Moreover, if R V W (z) is not an isomorphism then its kernel is a non-trivial submodule and V ⊗ W (z) is not irreducible. So the question arises if, conversely, the invertibility of R V W (z) implies the irreducibility of V ⊗ W (z). Using our example of imaginary vector in type A n , we are able to give a negative answer to this question for g = sl N (see Section 4).
The name "imaginary vector" has been inspired by the recent seminal work of Fomin and Zelevinsky on cluster algebras [FZ, Z3] . According to Zelevinsky [Z2] , the general picture should be as follows. Let G be the simply connected complex simple Lie group with Lie algebra g and N its maximal unipotent subgroup with Lie algebra n. The specialization C[N ] of U q (n) at q = 1 (using the Z[q, q −1 ]-lattice L * spanned by B * ) is expected to be a cluster algebra, and to have finite cluster type only for g of type A n (n 4) or B 2 . In this "finite case" the prime elements of B * not belonging to the q-center are naturally labelled by the positive roots and the negatives of the simple roots of a certain complex simple Lie algebra c. In the "infinite case", it is expected that the imaginary prime vectors will correspond to imaginary roots of some infinite-dimensional Kac-Moody algebras.
Examples of imaginary vectors
2.1 Let e i (i = 1, . . . , r) be the Chevalley generators of U q (n). Let w 0 denote the longest element of the Weyl group W of g. To a reduced decomposition w 0 = s i 1 · · · s in is associated a convex ordering β 1 < · · · < β n of the positive roots of g and a PBW-type basis of U q (n) [L] :
Let {E * (m)} be the dual PBW-basis, and let b(m) denote the unique element of B * such that
We shall use repeatedly the following known fact (see [R] ). For any m, p ∈ N n , the B * -expansion of b(m)b(p) contains the vector b(m + p) with coefficient a power of q.
For k ∈ N * and b = b(m) ∈ B * we set km = (km 1 , . . . , km n ) and
The following calculations have been made with maple, using the algorithm described in [LNT] for calculating the elements of B * in terms of the dual PBW-basis.
type G 2 :
We number the simple roots α 1 , α 2 as shown in the following Dynkin diagram:
1 2
Hence we have (α 1 , α 1 ) = 2, (α 2 , α 2 ) = 6. We choose the reduced decomposition
which gives the following ordering of the positive roots:
hence b is imaginary.
type B 3 :
We number the simple roots α 1 , α 2 , α 3 as shown in the following Dynkin diagram:
Hence we have
We choose the reduced decomposition w 0 = s 1 s 2 s 3 s 1 s 2 s 1 s 3 s 2 s 3 , which gives the following ordering of the positive roots:
type C 3 :
Hence we have (α 1 , α 1 ) = 4, (α 2 , α 2 ) = (α 3 , α 3 ) = 2.
We choose the reduced decomposition w 0 = s 1 s 2 s 1 s 3 s 2 s 1 s 3 s 2 s 3 , which gives the following ordering of the positive roots:
hence b is imaginary. We choose the reduced decomposition w 0 = s 1 s 3 s 2 s 4 s 3 s 1 s 4 s 3 s 2 s 4 s 3 s 4 , which gives the following ordering of the positive roots:
type
hence b is imaginary. α 1 < α 1 +α 2 < α 1 +α 2 +α 3 < α 1 +α 2 +α 3 +α 4 < α 1 +α 2 +α 3 +α 4 +α 5 < α 2 < α 2 +α 3 < α 2 + α 3 + α 4 < α 2 + α 3 + α 4 + α 5 < α 3 < α 3 + α 4 < α 3 + α 4 + α 5 < α 4 < α 4 + α We have
2.7
We note that in all the previous examples the vector z ∈ B * occuring in the expansion of the imaginary vector b is in fact an element of the q-center of U q (n), that is, ze i ∼ = e i z for every i ∈ {1, . . . , r} (see [C1] for a description of the q-center). This is not true in general, since for example a q-central element in U q (n) of type A 5 will no longer be q-central when we embed U q (n) in U q (n ′ ) of type A 6 .
Real vectors and generalized crystal operators
3.1 Let b 1 , b 2 be elements of B * . Suppose that b 1 is real and b 1 b 2 ∈ q Z B * .
Conjecture 1
The expansion of b 1 b 2 on B * is of the form
where
, and for all c ∈ B * such that γ c
It is known that the B * -expansion of b 2 b 1 can be obtained from that of b 1 b 2 by changing q into q −1 (and rescaling by an appropriate power of q) [R] . If b 1 b 2 ∈ q Z B * and Conjecture 1 is true, we see that b 2 b 1 cannot be proportional to b 1 b 2 since the term with the highest power of q in b 1 b 2 is b ′′ , while that in b 2 b 1 is b ′ = b ′′ . Hence Conjecture 1 would imply that the Berenstein-Zelevinsky conjecture holds true when one of the two vectors is real. It is proved in [LNT] that if g is of type A n , the quantum flag minors are real elements of B * . Hence our conjecture agrees with the recent result of Caldero [C2] showing that if a quantum flag minor q-commutes with an arbitrary element of B * , then their product belongs to q Z B * . 
3.2
Using results of Kashiwara ([K2] , 5.3.1), it is easy to check Conjecture 1 in the case where
Chevalley generator of U q (n) (note that e i is always a real element of B * ). In that case, b ′ = e i (b 2 ), where e i is the Kashiwara operator associated with the simple root vector e i .
(Here we are abusing notation by denoting in the same way a vector of B * and the corresponding element of the crystal basis at q = 0.)
, where e * i = * e i * and * is the involution of B * induced by the anti-automorphism of U q (n) which fixes the e i 's.
Assuming Conjecture 1, let us write Conjecture 2 implies that we can partition the set B * into infinite b 1 -strings:
. This is illustrated in Figure 1 for b 1 = b(0, 0, 1, 0, 0, 0) in type G 2 . We also have a similar string decomposition corresponding to the right operation b → b ⋄ b 1 .
Applications to affine Hecke algebras and quantum affine algebras
One important motivation for studying the multiplicative properties of B * comes from the representation theory of affine Hecke algebras and quantum affine algebras [LT, LNT]. 4.1 Let H m (t) be the affine Hecke algebra of type GL m , where t ∈ C * is of infinite multiplicative order. The generators of H m (t) are denoted by T 1 , . . . , T m−1 , y 1 , . . . , y m (in the Bernstein presentation). Let C m denote the category of finite-dimensional H m (t)-modules for which all eigenvalues of the pairwise commutative generators y 1 , . . . , y m belong to t Z . Let R be the direct sum of the complexified Grothendieck groups of the C m (m ∈ N), endowed with the multiplication given by the induction functors C m × C n −→ C m+n . The ring R is isomorphic to the algebra A of polynomials in the coordinate functions of the group N ∞ of upper triangular unipotent Z×Z-matrices with finitely many non-zero entries. Let n ∞ denote the Lie algebra of N ∞ , and n k the Lie algebra of strictly upper triangular k × k-matrices. Using the natural embeddings n k −→ n ∞ , we obtain a basis B * of A by taking the union of all the dual canonical bases of the specializations at q = 1 of the U q (n k ). By a dual version of Ariki's theorem [A, LT, LNT] , the basis of R given by the classes of the simple modules is identified to B * under the above isomorphism. Therefore the multiplication of the elements of B * for g of type A k (k ∈ N * ) encodes the induction product of simple modules of the algebras H m (t).
4.2
Translating the example of 2.6, we obtain a simple module M for the Hecke algebra H 8 (t) whose induction square is not simple. In the parametrization of the simple modules by multisegments, M is labelled by the multi-segment 
Let N 16. The image of the H 8 (t)-module M under F 8,N is a finite-dimensional irreducible representation V of U q ( sl N ) such that V ⊗ V is not irreducible. The Drinfeld polynomials parametrizing V in the classification of Chari and Pressley are P 1 (u) = u − q −6 , P 2 (u) = (u − q −3 )(u − q −9 ), P 3 (u) = u − q −6 , P k (u) = 1 (k 4).
For z ∈ C * , let V (z) denote the representation obtained from V by composing with the automorphism of U q ( sl N ) defined by e i → z δ i0 e i , f i → z −δ i0 f i (i = 0, 1, . . . , N − 1), and let R V V (z) : V ⊗ V (z) −→ V (z) ⊗ V be the corresponding R-matrix, normalized in such a way that R V V (z)R V V (z −1 ) = Id V ⊗V (see [EFK] , Lecture 9). Then R V V (z) is invertible at z = 1. Hence we have an example of a pair (V, W ) of irreducible representations such that the R-matrix R V W (z) has no singularity at some z 0 ∈ C * , although the tensor product V ⊗ W (z 0 ) is not irreducible.
Using [V] , we can derive a similar example for the Yangian of sl N , thus showing that an observation of Chari and Pressley [CP1] (4.2 Remark) is not true in general.
4.4
The meaning of Conjecture 1 in this setting should be as follows. 
Conjecture 3 Let

